Abstract. The main purpose of this paper is using estimates for character sums and analytic methods to study the mean value involving the incomplete character sums, 2-th power mean of the inversion of Dirichlet L-function and general Kloosterman sums, and give four interesting asymptotic formulae for it. § 1. Introduction Let q ≥ 3 be an integer, χ be a Dirichlet character modulo q, and L(s, χ) be the Dirichlet L-function corresponding to χ. The estimate for character sums is of great importance in number theory. The various arithmetical properties of 
For applications to arithmetic, one also needs non-trivial bounds for incomplete character sums. For that purpose, Z. Xu and W. Zhang (see [6] ) transformed the character sums over quarter intervals to L-functions and studied the 2k-th power mean value of the incomplete character sums, and provided a sharper asymptotic formula as follows: * Concerning the general non-principal character modulo q, W. Zhang (see [7] ) studied the mean value of L-functions with the weight of incomplete character sums and obtained that for any real number N with 1 < N < √ q,
where χ =χ 0 denotes the summation over all non-principal characters modulo q, φ(q) is the Euler function and ω(q) denotes the number of all different prime divisors of q. For any integers r and s, we define the general Kloosterman sums K(r, s, χ; q) as follows:
where aā ≡ 1 mod q; χ denotes a Dirichlet character mod q and e(y) = e 2πiy . This summation is very important, because it is a generalization of the classical Kloosterman sums K(r, s, χ 0 ; q) = K(r, s, q), where χ 0 is the principal character mod q. Perhaps the most famous properties of K(r, s, χ; q) is the estimate (see [2] ):
where p is a prime, (r, s, p) denotes the great common divisor of r, s and p, is any fixed positive number. For an arbitrary composite number q, we do not know how large |K(r, s, χ, q)| is. In fact, the value of |K(r, s, χ, q)| is quite irregular when q is not a prime.
However, it is surprising that |K(r, s, χ, q)| enjoys many good values distribution properties. W. Zhang proved the following (see [8] ):
Furthermore, he also studied the mean value of Dirichlet L-functions with the weight of general Kloosterman sums, and obtained the following interesting asymptotic formula (see [9] ):
where (rs, q) = 1. It is interesting to consider more mean value of character sums. Due to the results of [7] , a natural question arises: What happens if we impose on the inversion of Dirichlet L-function and general Kloosterman sums to be weighted by incomplete character sums. In this paper, we shall use the estimates for character sums and analytic methods to study the mean value of 2-th power mean of the inversion of Dirichlet L-function, general Kloosterman sums weighted by incomplete character sums, four interesting asymptotic formulae are obtained extending the results of [7] .
That is, we shall prove the following: 
is a constant depending only on mod q, 
where γ is the Euler constant and ζ(s) is the Riemann zeta-function.
We believe that our method can be applied to sums of 2k-th (k ≥ 3) power mean
but the constant will be very complicate. So we do not give a general conclusion here.
Unfortunately we still do not know how to estimate more general sums
For general integer k ≥ 3, whether there exist an asymptotic formula for ( 1.1) is also an open problem. § 2. Several lemmas
In order to complete the proof of the theorems, we need several lemmas.
Lemma 1. Let q > 2 be a positive integer, a be any integer with 1 ≤ a ≤ q and (a, q) = 1. Then on the assumption of generalized Riemann hypothesis for Dirichlet L-function L(s, χ) we have the asymptotic formula
where µ(n) is the Möbius function and is any fixed positive number.
Proof. Firstly we let
A(χ, y) = q 4 <n≤y χ(n)µ(n).
On the assumption of generalized Riemann hypothesis for Dirichlet
where is any fixed positive number. If Re(s) > 1 and χ = χ 0 , then we have
From the above and the Abel's summation we may get
By the properties of Dirichlet L-functions and L(1, χ) = 0, we know that (2.1) is also correct if s = 1. So we have
Using the Cauchy inequality, we have the estimates (2.3)
and (2.5)
Combining (2.2)-(2.4) and (2.5) we may immediately get the asymptotic formula
This proves Lemma 1. 
Proof. Note that
where ω(q) denotes the number of all different prime divisors of q. We have
We also have the asymptotic formulae (2.7)
where γ is the Euler constant, Λ(m) is the Mangoldt function, p|q denotes the product over all different prime divisors of q and p|q denotes the summation over all different prime divisors of q. Combing (2.7), (2.8), and (2.9) we can get
From (2.6) and (2.10) we immediately proves Lemma 2.
Lemma 3. Let p > 2 be a prime. Then for any positive integers m and n and for any real number N with 1 < N < p we have the asymptotic formula
1<m≤N 1≤n<m (m,n)=1 1 m 2 = (ln N + γ) 6 π 2 − 36 π 4 ζ (2) − 1 + O ln N N ,
where m≤N denotes the summation over all 1 ≤ m ≤ N with (m, p) = 1, γ is the Euler constant and ζ(s) is the Riemann zeta-function.
Proof. Since the number of positive integers n ≤ m that are relatively prime is φ(m), so we have
where φ(m) denotes the Euler function. Note that
and
where ζ(s) is the Riemann zeta-function and γ is the Euler constant. We can get
Using (2.11) and above estimates we immediately proves Lemma 3. § 3. Proof of the theorems
In this section, we shall complete the proof of the theorems. First using Lemma 1 and the methods of [7] we have
where m≤N denotes the summation over all m such that 1 ≤ m ≤ N and (m, q) = 1. Now we shall estimate M 1 and M 3 in (3.1) respectively. We have
Let A denotes the set of square-free numbers. Note that
where ζ(s) is the Riemann zeta-function. We have
Obviously, µ(n 1 v 1 )µ(m 1 v 1 ) vanishes unless n 1 , m 1 and v 1 are the squarefree numbers respectively and (v 1 , n 1 ) = (v 1 , m 1 ) = 1 in which case it is equal to µ(n 1 )µ(m 1 ).
Then we have
Using the properties of Möbius function we have
So we can get
where
is a constant depending only on mod q. Combining (3.1) and above estimates we can get
This proves Theorem 1. Now we prove Theorem 2. Let q ≥ 3 be an integer, and χ be a Dirichlet character modulo q. From the properties of residue systems we have
Note that (r, q) = (s, q) = (a, q) = 1
According to the famous property of Kloosterman sums K(r, s, q) (see [3] ):
It is clear that
Now we shall estimate E 1 and E 2 in (3.2) respectively.
On one hand, from the orthogonality relationship for character sums we have
On the other hand, we may get
Note that
From (3.4) and (3.5) we know
Using (3.2), (3.3), and (3.6) we can easily get
This proves Theorem 2. Similarly, we also have 
